first showed that the HartreeFock equation may have a solution such that orbitals of different spin are not constrained to be identical and the symmetry requirement is broken. He pointed out that such a solution is inherent to the Hartree-F ock theory and is needed to describe the phenomenon of antiferromagnetism. Finding of the spin density wave solution by Overhauser aroused a widerange of interest and discussions on the magnetic-type-broken-symmetry solutions of the Hartree-Fock equation.
It was about twenty years ago, that Slater 1 ) first showed that the HartreeFock equation may have a solution such that orbitals of different spin are not constrained to be identical and the symmetry requirement is broken. He pointed out that such a solution is inherent to the Hartree-F ock theory and is needed to describe the phenomenon of antiferromagnetism. Finding of the spin density wave solution by Overhauser aroused a widerange of interest and discussions on the magnetic-type-broken-symmetry solutions of the Hartree-Fock equation.
l
Recently, another kind of broken-symmetry solution of non-magnetic type, the charge-density wave, has been discussed. 3 ) In the field of molecular physics, the unrestricted Hartree-F ock theory has been studied mainly in relation to the search for better approximation beyond the conventional Hartree-Fock approximation. 4 ) Recently, the instability problem of the electronic state of polyenes has been discussed, 5 ),G) and this subject has made the problem of many solutions of the Hartree-Fock equation in molecules not an academic but a physical problem which might be related to the observable properties of large conjugated molecules.
Furthermore, there is another important aspect related to the existence of many solutions of the Hartree-Fock equation in molecular systems. As was already suggested in a paper of Slater 1 ) for H 2 molecule and as we shall discuss in detail Theory of the Unrestricted Hartree-Fock Equation and Its Solutions. I 1383 in forthcoming papers, the conventional non-magnetic Hartree-Fock ground state may become unstable by changes of the spacial configuration of atomic nuclei, and the solution of broken symmetry with lower energy may appear during the intermediate stage of chemical reaction. This phenomenon, which seems to be very important for understanding the electronic aspect of chemical reactions, makes the study of the solutions of the unrestricted Hartree-Fock equation in molecular systems to be a very important subject.
The theories on the solutions of the unrestricted Hartree-F ock equation developed so far were adapted mainly to the problems of solid systems and were based on the periodic structure of solids. However, in molecular systems, there is in general no strong symmetry like crystalline solids, and it is necessary to develop the theory not based on the symmetry property of the system. Furthermore, there has been no systematic and extensive theory to be able to obtain all solutions of the Hartree-F ock equation, to determine their existence domain and to clarify their interrelationship.
In this series of papers, we attempt to develop a general and extensive theory of the unrestricted Hartree-Fock equation and its solutions. In the conventional formulation, the Hartree-Fock equation is presented as a non-linear eigenvalue equation. The present theory, however, starts from the fact that the Hartree-Fock theory is essentially a density matrix theory 7 > and the Hartree-Fock equation is converted to various non-conventional forms using the properties of the density matrix.
In this first paper, we develop the general formulations. In § 2, the structure of the density matrix is analysed and a parametric representation for it is derived. The structure of orbitals in relation to that of the density matrix is discussed.
In § 3, various representations for the Hartree-Fock operator are derived in relation to the structure of the density matrix and orbitals. In § 4, it is shown that the Hartree-Fock equation is equivalent to an intersection problem of certain quadratic hypersurfaces. In § 5, another formulation of the Hartree-Fock equation is derived. The Hartree-Fock equation is converted to the coupled equations for the parameter matrices used to represent the density matrix and the orbitals. It is shown that this equation may be transformed into the form analogous to the Bogoliubov equation of superconductivity. In § 6, various representations for the Hartree-F ock energy are derived. These representations provide the basis for studying the structure of the energy surface in the parameter space and the relation between the Hartree-Fock energies of different solutions. In § 7, as an immediate consequence of the formalisms developed in § 4 and 6, we derive an estimation for the upper and lower bounds of the number of different solutions of the Hartree-Fock equation. § 2. The structures of the density matrix and the orbitals In this paper, we consider the Hartree-Fock equation in a finite dimensional Hilbert space spanned by the given N basis functions [ P"~;); ( = 1, · · ·N. Let the system have n occupied orbitals IV? F); F= 1, · · ·n, and N-n unoccupied orbitals !V?v); V=n+1, ... N. As is well known, the Hartree-Fock approximation is essentially a density matrix theory and any physical quantity may be derived from the density matrix. Therefore, we start from a study of the structure of the density matrix Q.
0 is defined as a projection operator to the n-dimensional subspace spanned by the occupied orbitals. (2 ·1) Q satisfies the idempotency condition
The unoccupied orbitals span the N-n dimensional orthogonal complement space to 0:
Define the matrix U by U=2Q-1.
U is Hermitian and, from (2 · 2), unitary,
where Ut is the Hermitian conjugate of U. From (2 ·1) and (2 · 3), we have
From (2 · 6), the matrix U has n (1) 's and N-n ( -1) 's as the eigenvalue, and its trace is
Let us determine the structure of the matrix U with the properties (2 · 5) and (2 · 7) . We divide the set of the basis functions into two subsets, the subset are In-m I dimensional projection operators in the subspaces P and 1-P respectively.
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The maximal rank of X is min (m, N-m) if the dimensional consideration alone is taken into account, where min (a, b, .. ·) is the minimum of a, b, .. ·. However, because of (2 · 21) , there are at least n-m A's such that YA = -1 and xA = 0 when n>m. Therefore, the rank of X cannot exceed (N-m)-(n-m) =N-n, and the maximal rank of X is min (m, N-n) for n>m. Similarly, it is min (N-m, n) for n<m. Thus, summarizing these figures, the maximal rank of X is min (n, m, N-n, N-m) . Since the inclusion of the terms with AA = 0 does not alter (2 · 22), we may, yielding AA = 0, extend K up to the maximal rank of X. Therefore, in the following, we regard AA as being a parameter in the range -n<tlA<n and put K=min(n,m,N-n,N-m) .
Define the (N- 
C (A) and C (A) are the Hermitian matrices in the subspaces P and 1-P, respectively, and S(A) has a matrix element only between 1-P and P. We may easily verify that
A=l (2. 28) Therefore, (2 · 22) may be written as
Thus, we have
for n>m,} for n<m. (2. 29) for n>m, for n<m.
Equation (2 · 30) with (2 · 26) is the parametric representation of U with the properties (2 · 5) and (2 · 7) . When n = m, (2 · 30) reduces to
where A is a (N-n) X n matrix without constraint. Therefore, the matrix U and consequently the density matrix 0 are specified by (N-n) n complex parameters Apa·
The matrices S (A), C (A)
and C (A) are a matrix analogue of the triangular functions, and satisfy the relations
S (A) C (A) = C (A) S (A) .
From the constraint (2 · 26), we have the relations
S(A)q=O, qC(A) =C(A)q=q C (A) q =qC (A) =q
for n>m, for n<m.
From (2 · 32), (2 · 33) and the orthogonality of P and 1-P, we may verify that the matrix U given by (2 · 30) satisfy the relation (2 · 5) . We see, from (2 · 27) , that
Since Tr(q) =Tr(q) =ln-ml and Tr(S(A)) =0, (2·7) is also satisfied. We next proceed to settle the structure of the orbitals in relation to Eq.
(2 · 30) . The matrices S (A), C (A) and C (A) satisfy the following relations analogous to the double angle formula for the triangular functions: 
for n>m, (2. 36) for n<m.
Comparing (2 · 36) with (2 · 6), we see that the orbitals are given in the following form: For n>m, we have
where u and u are isometric matrices satisfying
For n<m, we have where
When n = m, (2 · 37) and (2 · 39) reduces to 
The physical meaning of Eq. (2 · 37) is as follows. The first equation of (2 · 37) may be written as (2. 43) The first and second terms on the right~hand side of Eq. (2 · 43) show that the electrons in the occupied orbits spend some fractions in the subspace P and other fractions in the subspace 1-P. However, since the dimension of the subspace P of this case is smaller than the number of electron, all electrons cannot simultaneously enter into the subspace P, and n-m electrons must always be on the outside of P. The third term in (2 · 43) represents this effect, and the projection operator 7j gives the domain in 1-P occupied by these electrons rejected from P.
In previous papers , 6 ),S) we have used another parametric representation for the density matrix. We note that the matrix G employed there to represent the density matrix is related to the present representation by § 3. The structure of the Hartree-Fock operator
The conventional form of the Hartree-Fock equation is given by the non-linear eigenvalue equations (3 ·1) where 1V F and W v are the orbital energies, and the Hartree-F ock operator is dependent on the density matrix Q. The matrix element of the Hartree-Fock operator with respect to the basis functions is given by where K~; 71 is the rna trix element of the one-particle Hamiltonian K and [ ( 7J I C/C J is the anti-symmetrized Coulomb repulsion integral. We note that Eqs. (2 · 37), (2 · 39) and (2 · 41) may be written in a unified way as
and Eqs.' (2 · 38), (2 · 40) and (2 · 42) as
where Pt'fJ is the matrix element of the projection operator p defined by (3 · 7) . Substituting (3 ·14) into (3 ·13), we have another expression for H(O) as
where w and w are the Hermitian matrices defined by On account of (3 ·15), w and w are the matrices on the subs paces p and 1-p respectively,
wp=pw=O.
By using the relations
obtained from (2 · 32) and (2 · 33), we have, from (3 ·16),
Equation (3 ·17) shows that the orbital energies WF and W v and the matrices u and u are obtained from w and w as their eigenvalues and eigenvectors respectively, while w and w are abtained from A and p according to (3 · 20) and (3 · 8) . Therefore, we may determine the orbitals from A and p according to (3 ·14) . From (3 ·16), another expression for the matrix elements of H(Q) are obtained as 
Equation ( 4 ·1), which states that the density matrix commutes with the HartreeFock operator, is the equation for the density matrix. Equation (4·1) may be rewritten as
Using (3·4), Eq. (4·2) in the matrix element form becomes
.
'E (It;>-U>-11-Ut;>-1~11)
,i
From (2 · 5) , Ut; 11 satisfies also the relation
.'E U~;>-U>-11 =o~; 11 • ).
Regarding the real and imaginary parts of Ut•n with the requirement of Hermiticity U,~ = U 11~; , as the variables, ( 4 · 3) and ( 4 · 4) give quadratic hypersurfaces in N 
and using (2 ·12), Eq. (4 · 2) may be split into the following three sets of matrix equations:
. (4·8) Equations ( 4 · 7) and ( 4 · 8) are not independent of ( 4 · 6) except for the components fulfilling a special requirement. This is shown as follows. The Hermitian conjugate of ( 4 · 6) is Using (2 ·13), we have the following relations:
where, for instance, (4 · 6) in the above equation means the matrix of the lefthand side of Eq. ( 4 · 6). Therefore, from Eq. ( 4 · 6), we have the equations
Transforming the equations in ( 4 ·11) into the representation (2 ·15 Thus, the Hartree-Fock equation is equivalent to the intersection problem of the quadratic hypersurfaces ( 4 ·14) and ( 4 ·16) with the constraint ( 4 ·17). When the exceptional situation discussed above is met, Eq. ( 4 ·14) is not sufficient to determine the density matrix. Then, Eqs. ( 4 · 7) and ( 4 · 8) are required. We now discuss an important exceptional situation we shall later encounter frequently.
If the subsets {I ?Fa)} and {I ?F#)} of the basis functions satisfy the following relations,
then from (3 · 5) The condition (4·18) may be satisfied, for instance, when we choose {\?fa)} and {\?f,.)} as the sets of functions with spin-up and -down respectively, or, if the system has a twofold spacial symmetry, then {!?Fa)} and {!?f,.)} respectively as the sets of functions with the parity even and odd for the symmetry operation. These choices of {I ?Fa)} and {I ?F,.)} are important in relation to the classification and the characterization of the solutions of the Hartree-Fock equation with respect to their spin dependen·ce and symmetry properties, and we shall later discuss the subject in more detail.
From (2 · 29) , X= 0 means S (A) = 0. However, it is to be noted that S (A) = 0 does not necessarily lead to A= 0. Using (2 · 28), we have sin AA = 0, A= 1, .. ·K from S (A)= 0. Hence, AA = 0 or rc. Therefore sin (AA/2) = 0 or 1 and cos (AA/2) = 1 or 0, and we have from (2 · 28) where the summation is performed for the A's with AA = rc. be written as
Equation (4·22) may (4·23) where r and r are the projection operators of the same dimension in P and 1-P respectively and V is an isometric operator from r to r.
VVt=r. f
From (4·23), (4·25) and (2·35), we have
Therefore, from (2 · 29) and ( 4 · 26), we have
Equation (4·27) 
since Tr (r) = Tr (r) may take the integer values from 0 to K. Therefore, the solutions with X= 0 may be classified into K + 1 categories with different values of n1. § 5. Another formulation of the Hartree-Fock equation
As we have shown in § 3, if we know the matrices A, p, w and w, we may obtain the orbitals and the orbital energies from them. We now give the coupled equation for them. When IY?F) and /cpv) are the solution of the Hartree-Fock equation (3·1), then the two representations (3 · 8) and (3 ·16) for the Hartree-Fock operator must be equal. Therefore, we obtain the equation 
Equation (5 ·1) with the constraint (2 · 26) is a coupled equation to determine A, p, w and w, and it is equivalent to the Hartree-Fock equation.
The present formulation is, of course, equivalent to that in the previous section. This may be directly proved as follows. By using (2 · 29), Eq. ( 4 · 2) may be regarded as the equation for A and p. Substituting (3 ·16) into the left-hand side of (4 · 2) and using (2 · 36) and (3 ·19), we see that A and p satisfying (5 ·1) also satisfy ( 4 · 2). Conversely, if A and p are determined from ( 4 · 2) , then w and w given by (3 · 20) satisfy (5 ·1) on account of (3 ·19).
In the representation (2 · 25) to diagonalize A, Eq. (5 ·1) is transformed to the equation which is obtained by equating (3 · 24) with (3 ·12 
On the other hand, from (3 ·12), we have With use of the following relation obtained from the diagonal part of (5 · 6), (5 ·10) is of an analogous form to the Bogoliubov equation of superconductivity. It was known that for the spin density wave and the charge density wave solutions in the system with translational symmetry the HartreeFock equation may be brought into the form analogous to the Bogoliubov equation.9) These are the special cases of Eq. (5 ·10). Equation (5 ·10 (6. 3) Note that e has a value invariant for any unitary transformation of the basis functions. By using (3 · 4) , Eq. (6 · 2) may be rewritten as (6·4) Using (2 · 6) and (3 ·1 Equation (6 · 6) indicates a correlation between the Hartree-Fock energy and the gap of the orbital energy. Apart from the effect of the last term of (6 · 6) , the larger is the difference between the sum of the unoccupied orbital energies and the sum of the occupied ones, the lower is the Hartree-Fock energy. Equation (6 ·1) may be written also in the following form:
where
Noting the relation
we may rewrite (6 · 7) as
Substituting (2 · 30) into (6 · 9), we have
,.a aS pa pa By using (2 · 28), (3 ·11) and (5 · 4) , Eq. (6 ·10) becomes
(6·9) (6 ·10) (6 ·11) (6 ·12) This formula provides a basis to study the structure of the energy surface in the parameter space. On the other hand, by using the following relation obtained from (5 · 2) , By using (3 · 23), (5 · 4) and (3 ·11), Eq. (6 ·13) may be represented as
This is the representation of the Hartree-Fock energy m terms of the matrices A, p, w and w.
Let us now choose a solution of the Hartree-F ock equation as the basis functions, I P"a) and I P"P) respectively being the occupied and unoccupied orbitals;
For this choice of the basis functions, of course m = n and p = P and, from (6 ·15 and the first and second equations of ( 4 ·16), we have N 2 independent real quadratic hypersurfaces on N 2 -dimensional real space if all components of ( 4 ·14) are mutually independent. Since the maximal possible number of the intersection points of M independent real quadratic hypersurfaces on M-dimensional real space is 2M, the maximal possible number of the intersection points of ( 4 ·14) and the first and second equations of ( 4 ·16) is 2N 2 if no consideration on the structure of (4 ·14) is taken into account. As seen from (2 ·15), (2 ·16) and (2 ·17), the intersection space of the first and second equations of (4 ·16) consists of 2K branches YA = ± YA, A= 1, · · · K. As seen from the third equation of (2 ·16) and (2 · 21) , however, the third equation of (2 ·16) and the constraint (2 ·14) selects a branch yA=yA, A=1, ···K from these 2K branches. Therefore, the upper bound for the number of the intersection points of ( 4 ·14) and ( 4 ·16) with the constraint ( 4 ·17) is z<NLK) where K =min (n, N-n). This number gives an upper bound for the number of different solutions of the Hartree~Fock equation in Ndimen~ional Hilbert space with n fermions. If some components of ( 4 ·14) are not mutually independent, then the intersection points form a continuum. However, if we regard the solutions in a connected piece of the intersection continuum as being in an equivalent class, then the number of the inequivalent class of solutions is always smaller than the number given above.
An estimation for the lower bound of the number of different solutions may be obtained from Eq. (6 ·12) with m = n. If we regard (6 ·12) as a function of K parameters xA=sin AA, then, since cos AA= ± J1-x}, the Hartree-Fock energy surface given by (6 ·12) consists ·of 2K sheets. Since every sheet is a bounded function of xA, each sheet has at least an extremum point, so that there are at least 2K extrema for the Hartree-F ock energy. Since the solutions of the HartreeFock equation correspond to the extrema of the Hartree-Fock energy, we may conclude that there are at least 2K solutions of the Hartree-Fock equation. § 8. Discussion
The fundamental technique used in the present theory is the division of the Hilbert space of the orbitals into two parts P and 1-P and the corresponding division of the density matrix into three component matrices X, Y and Y. This division might seem to be merely an artificial mathematical technique. However, this technique has many important physical applications. For instance, if we put P and 1-P to be the space with spin-up and -down respectively, then the matrices X, Y and Y give how the different spin . . states are mixed in a solution of the Hartree-F ock equation. This choice of P and 1-P provides a systematic way for classification and characterization of the magnetic solutions of the Hartree-F ock ·equation. When the system has a twofold spacial symmetry group, we may put P and 1-P to be the spaces with the states of even . and odd parities, respectively. This choice of the subspaces provides a means to study the structure
